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For each compact subset K of R let #(K) denote the space of functions that are
harmonic on some neighbourhood of K. The space #(K) is equipped with the
topology of uniform convergence on K. Let Q be an open subset of RV such that
0 € @ and RV\Q is connected. It is shown that there exists a series > H,, where H, is
a homogeneous harmonic polynomial of degree n on RY, such that (i) > H,
converges on some ball of centre 0 to a function that is continuous on @ and
harmonic on @, (ii) the partial sums of ) H, are dense in #(K) for every compact
subset K of RY\Q with connected complement. Some refinements are given and our
results are compared with an analogous theorem concerning overconvergence of
power series. © 2002 Elsevier Science (USA)
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1. INTRODUCTION

The following theorem was proved in the case r = 0 by Seleznev [19] and
in the general case by Luh [9] and Chui and Parnes [5]. For extensions and
generalizations, see also [10-13,15-17,20-22] and for a survey of related
work, see [8].

THEOREM A. Let 0<r< + co. There exists a power series . anz" of
radius of convergence r such that for every compact set K in {z:|z| > r} with
connected complement and every function f that is continuous on K and
holomorphic on the interior of K there exists an increasing sequence (ny) of
integers such that

Z a,z" — f(z) (k — o)
n=0

uniformly on K.
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The phenomenon exhibited by the power series in Theorem A is called
overconvergence. Nestoridis [16,17] considers overconvergence of Taylor
series of functions that are holomorphic on an arbitrary simply connected
domain in C and which may be smooth up to the boundary. The purpose of
this paper is to prove results of the same character as those in [16, 17] for
harmonic functions on RY , where N >2. First, we establish some notation.
If E is a non-empty subset of RY, we denote by #(E) the space of functions
h that are harmonic on some open set (which depends on /) containing E. In
particular, in the case where E is open & € #(E) if and only if 4 is harmonic
on E. As usual, C(E) denotes the space of real-valued continuous functions
on E. For each ne N=1{0,1,2,...}, let #, denote the space of all
homogeneous harmonic polynomials of degree n on RY. If h € #(B(r)),
where B(r) is the open ball of radius r centred at the origin 0 of R", then
there exist unique polynomials H, € #, such that » ~ H, converges
locally uniformly to / on B(r) (see e.g. [2, p. 42]). We refer to >, H, as the
polynomial expansion of h, and if Y7 H, is the polynomial expansion of
some function 2 € C(Q) N #(Q), where Q is a domain containing 0, then we

write Y2 H, € 26(Q).

THEOREM 1. Let Q be a bounded domain in RY such that 0 € Q and R¥\Q
is connected. There exist harmonic polynomials H, € A, such that Yoo Hy
€ 26(Q) and for every compact subset K of R¥\Q with connected
complement and every h € # (K) there exists an increasing sequence (ny) in

N such that e
> Hy—h (k- o) (1)
n=0

uniformly on K.

The key condition concerning K and € for the proof of Theorem 1 is that
K lies in the unbounded component of RV\Q; it is not necessary to have
R¥\Q connected. Thus an apparently, though not actually, more general
formulation of the theorem is possible.

We write E° for the interior of a subset E of C or RY, and if E<C, then
C(E) denotes the set of complex-valued continuous functions on E. The
space of functions that are holomorphic on an open subset w of C is denoted
by Hol(w). For a compact subset K of C, Mergelyan’s theorem [14] (or see
[18, Chap. 20]) asserts the equivalence of the following statements: (i) every
function in C(K)NHol(K°) can be uniformly approximated by (holo-
morphic) polynomials, (ii) C\ K is connected. Thus, the conditions imposed
on K and f in Theorem A are natural. In Theorem 1 the situation is quite
different. The condition that R¥\K is connected is neither necessary nor
(when N >=3) sufficient for functions in C(K)N #(K°) to be uniformly



OVER CONVERGENCE OF HARMONIC POLYNOMIAL EXPANSIONS 227

approximable on K by harmonic polynomials. The same condition is,
however, sufficient (but not necessary) for functions in #(K) to be
approximable in this way (cf. Lemmas 2 and 3 for necessary and sufficient
conditions). In Section 3, we enlarge upon these remarks and examine the
extent to which the hypotheses in Theorem 1 can be relaxed.

2. PROOF OF THEOREM 1

LemMA 1. Let Q be a bounded domain in RY such that B(r)=Q for some
r >0 and RV\Q is connected, and let K be a compact subset of RN\ Q such
that RN\ K is connected. If ¢ > 0,R > 0,u € N and G € #(R"), then there

exists a harmonic polynomial F = Z;":O];-7 where f; € H; and m > p, such

that
|F — Gl<e on K, (2)
|F|<e on Q, (3)
l’l‘ _
> Ifil<e  on B(R) (4)
Jj=0
and

) <eG+ DY P2 (Ixl/r) (xeRY,j=0,1,...,m).  (5)

The proof of the lemma uses the fact that there is a constant Cy>1,
depending only on N, with the following property: if u; € #; for j =
0,1,...,v, where v € N, and r > 0, then

sup [iy| <Cy(j+ D)™V sup [ul  (j=0,1,...,v), (6)
B(r) B(r)

where u =" ju;. In the case where r =1 this follows easily from an
inequality of Brelot and Choquet [4]; details are given in [1]. The general
case follows from a simple dilation argument.

To proceed with the proof, let  be a positive number such that

enn> (i D PR(R ) <, @
Jj=0

which clearly implies that Cyn<e. Let Vi, V> be disjoint open
sets containing € and K, respectively, and define a function Gy by putting
Go=0on ¥} and Gy = G on V,. Then Gy € #(QUK). Since QUK is
compact and has connected complement, it follows from Walsh’s harmonic
approximation theorem [23] (or see [7, p. 8]) that there exists a harmonic
polynomial F such that |F — Gy| <5 on QU K. Thus (2) and (3) hold, since
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n<e Let F =3 ", fj, where fj € #;. We can arrange that m > u simply by
defining some of the f; to be 0, if necessary. Since |F|<n on B(r), it follows
from (6) that

()] <Cun(G+ DN (x e B(r), j=0,1,...,m),

and hence, by the homogeneity of f;,
< Cvn(+ DI/ (e R, j=0,1,.m). (8)

Since Cyn<e, (5) follows. Also, summing (8) over j =0, 1,...,u and using
(7), we obtain (4).

We can now complete the proof of Theorem 1. Let #" denote the set of
compact sets K with the following properties: K ¢ RM\Q; RY\K is
connected; K is a finite union of closed cubes each with all its vertices at
points with rational coordinates. The set # is countable; let (K,) be an
enumeration of the elements of 2#". Also, let (P,) be a sequence of harmonic
polynomials that is dense in #(R") with the topology of local uniform
convergence. (For example, if 4; is a basis for #;, we could take (P,) to be
an enumeration of all finite linear combinations with rational coefficients of
elements of | JZ, #%;.) Let ((Qn, Ln)),cn be a sequence of ordered pairs in
which each pair (P,, K,) occurs. We show recursively that for each 2 € N
there exist my € N and F;, =f,0+ -+ fim,, where f;, € #,, such that
(m;) is increasing and when 1> 1

|Fo+-+F,—Q;|]<2*  on L, 9)
|F;|<2™*  on Q, (10)
m)_i
> finl<2 on BG)ULyU---UL; (11)
n=0

and

<272+ VPRIl (xeRY, n=0,1,...,m),  (12)

where r > 0 is such that B(r)=Q. We start by defining my =0 and Fy =
Jfoo = 0. Suppose now that for some 4 € N the integers myg,m;,...,m; and
harmonic polynomials Fj =fjo+ -+ fim (j=0,1,...,4) have been
shown to exist. In Lemma 1, take K =L;,; and G= Q, | — (Fo+---+
F;), and let R be such that B(A+ 1)ULyU---UL; C B(R). We find that
there exists a harmonic polynomial Fjii =f,110+ - +fitim,,, Where
fot1n € H and my4y > my, such that (9)~(12) hold with 4 + 1 in place of 4
throughout. This completes the inductive step.
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We define f; , = 0 when n > m, and write

Ho=3 fi, (13)
A=0

for each n € N. We claim that H, € #,. To verify this, let p be a positive
number and note that if 2 >p+n+1, then n<i—1<m;_;, so that
| fin] <27* on B(p) by (11). Hence the series in (13) converges uni-
formly on B(p) and, since p is arbitrary, it follows that H, € #(R"). Since
each function f;, is homogeneous of degree n, so also is H,, and hence
H, e x4,

Next we prove that 3°° H, € 2£(Q). Inequality (10) shows that 3°2°
F, converges uniformly on Q. Hence the sum of this series, g say, belongs to
C(Q)N#(Q). If x € B(r), then by (12)

>

n=0 1

(n+ DY/ 27 < + oo

s
Mg

I
<)

|fon(X)] <

I
S

n

Hence the following change of order is justified:

S =3 S fa) =33 Sa) =3 Fx) =) (x € B()).
n=0 n=0 1=0 =0 n=0 =0

Since H, € # , and the polynomial expansion of g is unique, it follows that
> ey Hy is the polynomial expansion of g, and hence >_,°( H, € 2&(Q).
In preparation for the final part of the proof, we note that if A>1, then on

m; m; 0o
Z Hn Qi = Z Z.fv,n - Q/l
n=0 n=0 v=0
m;
= van 0,
v—0 1n=0
A m; m;
S0l S
v=0 n=0 v=2+1 n=0
2 m,—1
< F1 Q) + Z Z |f\ n
v=0 =i+1 n=0
00
<274y 27 =21

v=A+1

by (9) and (11).
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Now let K be a compact subset of RV Q with connected complement. We
show that K C K, for some u. Let ©y be an unbounded domain such that
Q c Q and K ¢ RY\Qy, and let d be a rational number such that 0 <dv/N
<dist(K, Q). Let % be the collection of closed cubes of side-length & with
vertices lying in the lattice {dy:y € ZN}. Let M be the union of those
elements of ¢ that have non-empty intersection with K. Then M N Qy = 0,
so Q lies in the unbounded component of RV\ M. Let M denote the union of
M with the bounded components of RY\Af. Then M is a finite union of
elements of ¥ and R"\ M is connected and contains Q. Thus M = K, for
some p. Also KEM< M.

Let h € #(K) and let ¢ > 0. It is enough to show that there exists an
arbitrarily large A such that

n=0

By Walsh’s theorem, there exists /g € #(R") such that | — hy| <e/3 on K.
Since (P,) was chosen to be dense in #(R"), there exist infinitely many v
such that |P, — hy|<e/3 on K. Hence there exists 4, as large as we please,
such that K< L;, |Q; — ho|<e¢/3 on K, and 2'~*<¢g/3. Collecting results
together, we find that on K

<eg on K.

m;

> Hy—h
n=0

< + 105 — ho| + |ho — h|

m,
Z Hn - Qi
n=0

=2"" 4 ¢g/3+¢e/3<e,

as required.

3. IMPROVEMENTS OF THEOREM 1

At the end of Section | we indicated that some relaxation is possible in the
hypotheses concerning K and % in Theorem 1. By invoking some recent
results on uniform harmonic approximation, which are stated below as
lemmas, we now show precisely the ways in which these hypotheses can be
relaxed. For the concept of thinness, which appears in the lemmas, we refer
to [2, Chap. 7). If K is a compact subset of R", then we denote by K the
union of K with all the bounded connected components of RV\K.

LEMMA 2. Let K be a compact subset of RY . The following are equivalent:

(a) for each u in #(K) and each positive number ¢ there exists v in
H(RY) such that |u —v|<e on K;

(b) R"\K and RM\K are thin at the same points of K.
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LEMMA 3. Let K be a compact subset of RY. The following are equivalent:

(a") for each u in C(K) N A (K°) and each positive number ¢ there exists
vin A (RN) such that |u —v|<e on K;

(b)) RY\K and RN\K® are thin at the same points of K.

Lemma 2 is a refinement of Walsh’s theorem and is the harmonic
analogue of Runge’s classical theorem on holomorphic approximation.
Lemma 3 is the harmonic analogue of Mergelyan’s theorem. Both lemmas
are special cases of theorems of Gardiner [6], and they can also be derived
from results of Bliedtner and Hansen [3]. A convenient reference is [7,
Theorems 1.10 and 1.15]. Lemmas 2 and 3 easily yield the following
improvements of Theorem 1.

COROLLARY 1. Let Q be a bounded domain in RY such that 0 € Q and
RY\Q is connected. There exist harmonic polynomials H, € #, with the
following properties:

() 220 Hu € 26(Q);

(i) for any compact set K such that K ¢ RN\ Q and RN\ K and RN\ K are
thin at the same points of K, and for any h € #(K), there exists an increasing
sequence (ny) such that (1) holds uniformly on K.

(iii) for any compact set K such that K C RN\ Q and R"\K and RV\ K°
are thin at the same points of K, and for any h € C(K) N A (K°), there exists
an increasing sequence (ng) such that (1) holds uniformly on K.

To prove Corollary 1, let the harmonic polynomials H, be as in Theorem
1 and suppose first that K and / are as stated in Corollary 1(ii). If ¢ > 0, then
by Lemma 2, there exists g € #(R") such that |g — 4| <&/2 on K. Since K is
a compact subset of R¥\Q and R¥\K is connected, there exist arbitrarily
large integers u such that | Y4 H, — g|<e/2 on K, and hence | Y/ H, —
hl<e on K, as required. The same argument, with Lemma 3 replacing
Lemma 2, shows that if K and % are as in Corollary 1(iii), then the same
conclusion holds.

It is natural to ask whether the hypotheses on K and / in Theorem 1 can
be made exactly analogous to the hypotheses on K and f in Theorem A: in
Theorem 1 can we replace “h € #(K)” by “he C(K)NA#(K°)”? When
N =2 the answer is affirmative, and we can even relax the condition that
R?\K is connected.

COROLLARY 2. Let Q be a bounded domain in R* such that 0 € Q and
R\ Q is connected. There exist harmonic polynomials H, € A, with the
following properties:

1) Y2y Hy € 26(Q);
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(i) for every compact set K such that K C R*\Q and 0K = 0K and every
Sfunction h € C(K)N A (K°), there exists an increasing sequence (ny) such
that (1) holds uniformly on K.

Note that the hypotheses on K are obviously satisfied if K ¢ R*\Q and
R?\K is connected. When N = 2 conditions (a), (b), (a’), (b') of Lemmas 2,3
and the condition K = 9K are all mutually equivalent (see [7, Corollary
1.16]), so Corollary 2 is a reformulation of Corollary 1 in the case where
N =2.

Corollary 2 does not extend to higher dimensions. To prove this, note first
that there is a compact set L in R such that L° = ¢ and yet R?\L is thin at
some point of L (see [6, Example 1.2]). Define K = L x [0, I]N_z, where
N>3. Then K is a compact subset of RV, K° =, R¥\K is connected, and
RY\K is thin at some point of K. A proof of this last assertion can be given
by using [2, Theorem 7.8.6] and induction on N. By translating, if necessary,
we may suppose that 0¢ K. If Corollary 2 were true in RY, then every
element of C(K)N #(K°) would be uniformly approximable on K by
harmonic polynomials. But such approximation is impossible, since K does
not satisfy condition (b’) of Lemma 3.

We conclude with a variant of Theorem 1 in which the set Q does not
appear; it corresponds to the case r = 0 of Theorem A.

THEOREM 1. There exist harmonic polynomials H, € A, such that for
every compact subset K of R¥\{0} with connected complement and every
h e #H(K) there exists an increasing sequence (ny) such that (1) holds
uniformly on K.

We omit explicit statements of corollaries of Theorem 1’ corresponding to
Corollaries 1 and 2 above.

We indicate the changes in the proof of Theorem 1 that are required
in order to prove Theorem 1’. The following result is a consequence of
Lemma 1.

LEMMA 1'.  Let K be a compact subset of R¥\{0} such that RM\K is
connected. If ¢>0, R>0, peN and G e #(R"), then there exists a
harmonic polynomial F = Z;":O Ji, where fj € H; and m > p, such that (2)
and (4) hold.

Now let the sequence (Q,, L,) of pairs be as in the proof of Theorem 1,
except that in defining the class #", to which the compact sets L, belong, we
replace the requirement that K ¢ R¥\Q by K ¢ R¥\{0}. Using Lemma 1/,
we can show by a recursive construction similar to that in the proof of
Theorem 1 that for each 4 € N there existm; e Nand F, =f,0+ -+ fim,,
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where f;, € #,, such that (m,) is increasing and (9) and (11) hold when
/=1. Defining f; , = 0 when n > m; and then defining H, as in (13), we
again find that H, € #,. The proof of Theorem 1’ can now be completed by
arguments similar to those in the closing paragraphs of Section 2.
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